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An Event-Triggered Approach for Gradient Tracking
in Consensus-Based Distributed Optimization

Lan Gao", Shaojiang Deng, Huaqing Li

Abstract—This paper is concerned with a communication-
efficient algorithm update scheme for solving distributed convex
optimization problems by introducing a distributed event-
triggered approach. Compared with real-time consensus-based
distributed optimization algorithms in the literature, this paper
focuses on extending the real-time gradient tracking scheme and
proposes a novel distributed event-triggering condition to reduce
the frequency of information exchange between agents in a
network. The proposed event-triggered approach for consensus-
based distributed optimization algorithms not only avoids the
real-time consecutive communication and the coordinated
computation between agents but reduces the computation load of
algorithm execution. Furthermore, the proposed event-triggering
condition depends on only local states from neighbors at only their
event times and does not require a global and homogeneous
sampling period. In addition, this paper analytically shows that
the proposed consensus-based distributed optimization algorithm
based on an event-triggered approach can also converge to the
exact optimal solution with a linear convergence rate even if the
real-time consecutive communication between agents is replaced
with sporadic communication.

Index Terms—Consensus-based distributed optimization, gra-
dient tracking, event-triggered approach, multi-agent networks.

1. INTRODUCTION

ISTRIBUTED convex optimization problems arise in
various fields such as multi-vehicle cooperative con-
trol [1], [2], distributed filtering and estimation [3], [4], smart
grid implementation [5], [6], cloud computing and learning [7],
[8], and large-scale machine learning [9], [10]. To solve these
problems in a distributed manner, optimization algorithms
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need to be designed using only local available information
based on local communication. That is, each agent in multi-
agent networks can use only its own private objective function
and can exchange state estimates only with its neighbors.

Regarding distributed optimization algorithms, gradient
descent methods have attracted increasing attention due to its
high efficiency and easy implementation in recent years. For
gradient descent methods, there are at least two main strate-
gies: the consensus strategy and the diffusion strategy. Exist-
ing works on consensus strategy include the subgradient
method [11], [12], the stochastic subgradient projection
method [13], [14], the fast subgradient method [15] and the
subgradient-push method [16], [17]. Existing works on diffu-
sion strategy can be found in [18], [19], which employ a sym-
metric iteration update instead of an asymmetric one
compared with the consensus strategy. However, the above
works on both strategies all suffer a dilemma that the iteration
converges to an exact solution slowly when a diminishing step
size is used. It converges faster when a fixed step size is con-
sidered but only stalls at a neighborhood of the exact solution.
To overcome this dilemma, an EXTRA algorithm is proposed
in [20], which can converge to the exact optimal solution with
a linear rate even though a fixed and large step size is used.
The EXTRA algorithm is actually a modified implementation
of the consensus strategy. Instead of directly using a subgra-
dient, EXTRA employs the difference of the subgradients at
the last two iterates to approximate the global gradient and
then uses the last two iterates’ solution estimates to update the
current solution estimate. Motivated by the idea of EXTRA,
a DEXTRA algorithm for directed graphs is developed
in [21] and an exact diffusion algorithm is developed in [22].
Independently, an Aug-DGM algorithm based on the Adapt-
then-Combine strategy in [18], [19] and the average consen-
sus strategy in [23] are developed in [24]. The Aug-DGM
algorithm not only employs uncoordinated step sizes for dif-
ferent agents but can produce an exact optimal solution with
a satisfactory convergence rate. Similar to [24], a DIGing
algorithm based on the combination of the distributed subgra-
dient method and the dynamic average gradient tracking
technique is developed in [25]. The DIGing algorithm differs
from Aug-DGM mainly in the gradient tracking update. That
is, DIGing employs a direct and simpler scheme instead of
the Adapt-then-Combine scheme in Aug-DGM. It is worth
emphasizing that the DIGing algorithm can ensure that all
agents in a network converge to the exact optimal solution
linearly with a fixed step size.
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The aforementioned standard optimization algorithms,
however, have some common limitations as follows. To begin
with, the information exchange between agents is real-time
and frequent. That is, each agent has to collect and broadcast
solution estimates from/to all its neighbors at every point of
sampling time, which is obviously inefficient and has to pos-
sess much expensive communication bandwidth. Furthermore,
it is supposed that all agents are able to complete their local
computations synchronously and then synchronously transmit
local results to their neighbors at each time instant. However,
this assumption is not realistic because the data flow, commu-
nication status, and computation abilities of agents often vary
in a heterogeneous network. As a result, the synchronization
of the computation and communication abilities between
agents might not be accomplished in a real network environ-
ment. Actually, the overall efficiency of a distributed optimi-
zation algorithm mainly depends on communication
efficiency rather than computation efficiency because the time
consumption of communication between computing nodes is
far more than that of computation in a distributed computing
network system. Therefore, it is interesting to seek a commu-
nication-efficient optimization approach to make sure that the
real-time consecutive communication and the coordinated
computation between agents can be avoided.

The event-triggered approach provides a new perspective
on how to collect and transmit information between agents in
an interactive network [26], [27]. The early works introducing
the event-triggered approach to the field of convex optimiza-
tion can be found in [28], [29], where the communication cost
is reduced effectively by employing an event-triggering condi-
tion to determine whether the local state information should be
transmitted or not. However, the proposed event-triggered
optimization approaches are actually based on a centralized
idea because the augmented Lagrangian method in [28] and
the gradient descent method in [29] are both centralized and
both require that each agent know all other agents’ state esti-
mates to update its own state estimate even though the compu-
tation load can be distributed among different computing
nodes. More recently, some distributed asynchronous optimi-
zation algorithms based on the randomized alternating direc-
tion method of multipliers (ADMM) are proposed in [30],
[31]. But the computation cost of the proposed algorithms is
expensive since there is at least one optimal solution that
needs to be solved in the execution of each iteration. Further-
more, some works including [32]-[34] investigated event-
triggered optimization schemes based on (sub)gradient meth-
ods with time-varing or constant stepsizes, however, they all
inevitably suffer a dilemma between convergence rate and
convergence accuracy. Also, event-triggered communication
schemes for particle swarm optimization, communication-
constrained optimization and optimal control can be found
in [35]-[37]. In particular, the work in [38] extended the con-
sensus-based distributed optimization algorithm in [25] with a
distributed event-triggered optimization approach, which uti-
lizes the state estimates of the event times instead of that of
the real time to update local results. However, the proposed
event-triggering condition is not satisfactory because it

depends on a global time-varying threshold and the key
parameters not only depend on the global communication
topology but they are sensitive to all agents’ initial states and
measurement errors.

The aim of this paper is to develop a communication-effi-
cient optimization approach for the consensus-based distrib-
uted optimization algorithm (also named as DIGing
algorithm) in [25] based on an event-triggered control strategy
to avoid the real-time consecutive communication and the
synchronous state fusion among different agents effectively.
Compared with existing works in [25], [38], we still focus on
an extended DIGing algorithm based on event times instead of
the real time in the communication network. However, a sig-
nificant challenge is how to design a proper event-triggering
condition that relies on only local states from neighbors at
only their sporadic event times instead of the real time such
that the real-time information collection of the network can
also be avoided in the implementation of the event-triggering
condition. Moreover, how to give a theoretical analysis to
show the feasibility of the proposed event-triggering condition
is another main challenge.

The contribution of this paper is to develop an event-trig-
gered communication-efficient control strategy for the consen-
sus-based distributed optimization algorithm and design a
novel distributed event-triggering condition. The proposed
control strategy gives an event-triggered solution on the track-
ing of both gradient and state aggregations so that the informa-
tion exchange between agents can be non-real time and more
efficient. The proposed event-triggering condition depends on
only local states from neighbors at only their sporadic event
times, which implies that the real-time information collection
and the coordinated computation between agents are avoided
not only in the update of the iteration algorithm but in the
implementation of the event-triggering condition. Further-
more, the selections of the key parameters are simple and their
upper bounds are independent of the initial states and the mea-
surement errors. In addition, the convergence analysis is given
to show that the extended DIGing algorithm can still converge
to the exact optimal solution with a linear convergence rate
under the proposed event-triggering condition.

This paper is organized as follows: Section II introduces
some necessary preliminary knowledge about notation, graph
theory, and the DIGing algorithm; Section III introduces a dis-
tributed event-triggered approach to the DIGing algorithm;
Section IV presents the main theorem and convergence analy-
sis; Section V provides some numerical simulations to illus-
trate the main theorem; Section VI concludes the paper.

II. PRELIMINARIES AND BACKGROUND
A. Notation

The notations throughout this paper are defined as follows.
The set of all real numbers and real vectors with p dimensions
are denoted by R and RP?, respectively. The 1 vector and 0
vector containing N entries are denoted by 1 and O, respec-
tively. Let I be a unit matrix. Let ||v|| and || A|| represent the
Euclidean norms of a vector v and a matrix A, respectively.
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The transposes of a vector v and a matrix A are denoted by v”
and AT, respectively. For a matrix A, the maximum singular
value is denoted by 6,4, (A). For any function f(z), the gradi-
ent of f at z is denoted by V f(x). For an infinite sequence
s; = {5i(0),8;(1),8(2),...}, denote ||s;||*" = maxi—o1,. x
e llsi ()] and [|s||* = supy=g 5 [si (£)]] with A € (0, 1).

B. Graph Theory

Define G = {V, &, A} as an undirected graph composed of
N nodes, where V = {v,vs,...,0x5} is the node set, £ C
V x Vs the edge set and A = (a;;) € RV is the adjacency
matrix of G. An edge ej; = (vj, v;) represents that the informa-
tion from node j can arrive to node ¢ directly. Here the adja-
cency matrix A is symmetric. That is, the communication
channels between nodes in a network are two-way. If there is
a two-way communication channel between node ¢ and node
J, then they are called neighbors of each other and accordingly
a;j = aj; = 1; otherwise, a;; = aj; = 0. The set of neighbors
of node i is denoted by A;. Let N and N; = |N;| denote the
number of all nodes and the number of neighbors of node 7 in
a network, respectively. The Laplacian matrix of A is defined
as L = (17]) S ]RNXN, where lL] = —al-]-,i 7é_] and [; =
Z]V:l i @ij. Here L is a symmetric positive semidefinite
matrix. A square matrix W = (w;;) with nonnegative real
numbers is called doubly stochastic if the sums of each row
and each column both equal to 1,1.e., Y, w;; = Zj wy; = 1.

C. DIGing Algorithm

This subsection briefly reviews the consensus-based distrib-
uted optimization algorithm proposed in [25], which is also
named as DIGing algorithm by [25]. Consider the following
distributed unconstrained optimization problem

1 N
@) =5 fil@), (1)

=1

min
rERP

where the global cost function f(x) is separable and each local
cost function f;(x) is convex, differentiable and only available
to agent .

To solve the problem (1) with a distributed computation
method, the DIGing algorithm exhibits good performance on
iteration complexity, convergence accuracy and convergence
rate because DIGing is not only a simple first-order algorithm
but it can converge to the exact optimal solution with a linear
convergence rate. The DIGing algorithm executes the follow-
ing updates at each iteration [25]:

wi(t +1) = x;(t) + hu;(t) — ay;(t), yi(t + 1)

=y;(t) + hoi(t) + Vfi(wi(t + 1)) =V fi(z:(1)),
)

where z;(t) € R” is the solution estimate, y;(¢) € R” is the
average gradient estimate, h is a positive control gain, « is a
fixed step size and the auxiliary variables u;(¢) and v;(t) are
defined as follows:

wi(t) =3 aij(z(t) — (b)),
JEN

vilt) = Y ay(y;(t) — wi(t))- 3)
JEN;

At each iteration time ¢ + 1, each agent ¢ first calculates the
auxiliary variables u;(t) and v;(¢) utilizing its own previous
x;(t) and y;(t) and the received z;(t) and y;(t) from its neigh-
bors to complete the state fusion. Then, each agent ¢ updates
the current solution estimate x;(¢ + 1) utilizing the previous
z;(t) and auxiliary variable u;(t) at the direction of —y;(t).
Also, each agent ¢ updates the current average gradient esti-
mate y;(t + 1) utilizing the previous y;(t), auxiliary variable
v;(t) and the gradient-difference term Vfi(z;(t+ 1)) —
V fi(z;(t)). Finally, each agent ¢ broadcasts its current solu-
tion estimate x;(¢ + 1) and average gradient estimate y;(¢ +
1) to all its neighbors and meanwhile receives the solution
estimate (¢ 4+ 1) and the average gradient estimate y;(¢ + 1)
from its neighbors.

III. PROBLEM STATEMENT AND ALGORITHM DESIGN

This section mainly focuses on how to introduce the event-
triggered approach to the DIGing algorithm. Though the pro-
posed DIGing algorithm in [25] exhibits good performance on
iteration complexity, convergence accuracy and convergence
rate, DIGing has to face a fact that the iteration is based on the
real-time communication and the coordinated state fusion.
That is, each agent has to broadcast its own state estimate and
collect all its neighbors’ state estimates at each time instant,
and then complete the state fusion at the same time with other
agents, which implies that each agent has to deal with heavy
communication and computation load. Thus, it is interesting
to design a more efficient control approach for DIGing to
avoid the real-time communication and the coordinated state
fusion.

A. Extended DIGing Based on an Event-Triggered Approach

The event-triggered approach provides a new perspective for
the iteration update of the consensus-based distributed optimi-
zation algorithm. Before introducing the event-triggered
approach, we first define a sequence {0 = ¢}, ¢}, ¢}, ...} for the
sporadic event times of agent <. Besides, we suppose that each
agent in a network can only receive the state estimates from its
neighbors at their event times. As a result, the real-time conse-
cutive state exchange is not available in a network. Therefore,
the auxiliary variables u;(t) and v;(t) in (3) are redesigned by
using the state estimates at only event times as follows:

wit) = 3 ay(w(t]) - wi(t],)) wi(t)
JEN;
= ai(uith) — wity)) L € [t ) )
JEN;
where k; = arg min, . ,i{t —t;} denotes agent i’s latest

event number. z;(t}.) and y; (t;a) represent the solution esti-
mate and the average gradient estimate of agent ¢ at its latest
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Algorithm 1. The communication and control processes of the
event-triggered DIGing algorithm

1:  Initializes and broadcasts z;(£}), y; () to neighbors

2:  repeat

3 Detects if a message is received or not

4: if a message from neighbor j is receivedthen

5 updates the state estimates a:j(tij), y.,-(t{cj)

6 updates auxiliary variables u;(t) and v;(t)
wilt) =y aisl;(t],) -

JEN;

vi(t) = Z az](y](ti ) — ( ))

"j
JEN;

@i(ty,)),

else
keeps local memory constant
end if
Updates state estimates x; (¢ + 1) and y; (¢t + 1)

@9 e

zi(t+ 1) = z;(t) + hu;(t)
yi(t+ 1) = yi(t) + ho(t)

—ay;(t),

+ Vfi(zi(t + 1)) = Vfi(zi(t)).
11:  Judges if an event occurs or not
12:  if an event occurs at agent ithen
13: updates the latest event time: t};,? =t+1
14: updates state estimates x; (¢}, ), v (%}, )
15: updates auxiliary variables w;(t) and v;(t)
16: broadcasts LL'Z'(t;{?), yi(t2;1) to neighbors
17:  else
18: keeps local memory constant
19: keeps silent
20:  endif
21 t=t+1

22: until stop condition satisfies

event time, respectively. Also, mj(ti,j) and yj(ti:j) represent the
solution estimates and the average gradient estimates received
from the neighbors of agent ¢ at their latest event times,
respectively.

Compared with the original forms in Eq. (3), the redesigned
auxiliary variables w;(t) and v;(t) in (4) mainly depend on the
state estimates at the latest event time instead of the real time
and are responsible for state fusion with less communication
and computation cost. Specifically, in time interval ¢ €
[t} 1}, +1)» if there is no event occurring from itself or its
neighbors, the computation of u;(t) and v;(¢) still utilizes the
existing state estimate x;(t),y;(t), z;(t),y;(t) at the latest
event time ¢ = ¢} and ¢ = t{ﬂ, Once an event occurs at agent
1, the agent broadcasts the state estimates (L ) and y; (tZ ) to
its neighbors; otherwise, the agent remains silent. In other
words, the auxiliary variables uL( ) and v;(t) will remain con-
stant in the time interval [tk 2 +1) until a new event time
tk 41 comes at agent ¢ or agent 1 receives at least one new state
estimate from its neighbors.

To clearly describe the communication process of the
extended DIGing with the event-triggered approach, a detailed

communication algorithm is provided in Algorithm 1. Suppose
that each agent ¢ is equipped with a local memory, which is
used to store the solution estimates x;(t), x; (t;t), the average
gradient estimates y; (_t),yi(tiqi) and the received latest state
estimates mj(tij), yj(tffj) from its neighbors. Furthermore, the
initial states of all agents are given by z(0) = (1:1(0),...,
(0 T, K o; (0), ., yn ()" = (Vfi(21(0)),.

\Y% f\; and the 1n1t1a1 event time tZ for each agent i is
1mt1ahzed to O. After the initialization is completed at each
agent ¢, the agent begins to execute Algorithm 1.

Note that the event-triggered strategy plays an important
role in avoiding real-time consecutive communication and the
frequent updates of auxiliary variables. As we can see, agent ¢
broadcasts its own state estimate to its neighbors only at its
event time. That is to say, if there is no event at the current
time ¢, the current real-time state estimates x;(t), y;(t) will not
to be broadcast even though their computations have been
completed at agent <. Furthermore, agent ¢ updates the latest
state estimates and auxiliary variables using its own or its
neighbors’ latest state estimates only if the agent detects that
an event occurs or some messages from its neighbors are
received. Consequently, the extended DIGing with an event-
triggered approach avoids the real-time consecutive communi-
cation and the coordinated calculation compared with the
existing real-time DIGing algorithm in [25]. It is worth noting
that the extended DIGing algorithm still needs to depend on
global time coordination even though the information
exchange between agents is asynchronous since the iteration
of the algorithm is based on a global time clock. Next, we will
discuss how to judge if an event occurs or not in Algorithm 1
by introducing a novel distributed event-triggering condition.

B. A Distributed Event-Triggering Condition

Define two measurement errors associated with the solution
estimate and the average gradient estimate as follows

ef(t) =mzi(t),) —z e/(t) = yity,) —wi(). (5
Actually, (5) basically describes the degree that the state esti-
mates at the latest event time deviate from the state estimates
at the current time. In practice, some thresholds are usually
specified for the measurement errors ef(t) and e/(t) in
advance. Once the threshold is reached, an event is triggered
and the measurement errors €7 (¢) and e!(t) are both reset to
zero because e (t) = x;(t}.) — xi(t),) = 0, ¢/ (t) = yi(t},)—
y;(ti) = 0 at the event time ¢ = ¢! .

Slibstituting (4) and (5) into (é), the iteration (2) can be
rewritten in a compact form as follows:

x(t+1) = Wa(t) — hLe®(t) — ay(t), y(t + 1)
= Wy(t) — hLe’(t) + Vf(z(t +1)) = Vf(x(t)),
(6)
where W =1—hL, aﬂﬁzwﬂm“me)fg@ﬁ:

t
(), ..., yn(t)7, e (t) = (e5(L),. .., e%(t))
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(e}(®),--.,ex(®)", and Vf(z(t)) =
(an ()"

Before introducing our event-triggering condition, we first
give the existing event-triggering condition proposed in [38§]
as follows:

(Vfl(:rl(t)), ey VfN

b= inf{t ENLt > 6 llef(0)]] + [lel ()] = cx}. 7)

Although this condition can avoid the real-time communica-
tion and synchronous state fusion, there exist several issues in
practical implementation: i) the event-triggering threshold on
the right of (7) is a time-varying diminishing function, which
implies that this threshold heavily depends on the time param-
eter; ii) the selection of the parameter \ depends on not only
the global communication topology but the objective func-
tions of all agents; iii) it is quite challenging to choose an
appropriate parameter C' because C' not only depends on all
agents’ objective functions but it is also sensitive to agents’
initial states and measurement errors. In a word, the event-trig-
gering condition proposed in [38] has some limitations on the
selections of the key parameters and might not apply to vari-
ous network environments effectively.

Next, our goal is to develop a novel distributed event-trigger-
ing condition such that it has good performance on robustness
and easy implementation for various network environments.
Since the available states to each agent are those state estimates
from neighbors at only their event times, the ideal event-trigger-
ing condition should be computed by using only these sporadic
state estimates. Thus, we propose an alternative event-triggering
condition as follows

tk 41 = 1nf{t eN,t > tk Imax (g1 (ef), g2(€?)) > O} ®)

where
gi(e}) = |lej (¢ *V1h2|\% tk i (t, )%,
JEN;
ga(e)) = e/ DI” = vah Y llys(tr) = wiE)IP. ©)
JEN;

It is worth emphasizing that the event-triggering condition (8)
is time invariant and its computation depends on only local states
available to each agent. Furthermore, the computation of the sec-
ond term on the right of (9) is piecewise constant even though the
computation of the measurement errors is real time, which implies
that the implementation of the event-triggering condition does not
need to rely on the real-time consecutive states from neighbors.
As will be shown in the next section, the selections of the parame-
ters y, and y, are simple and their upper bounds are independent
of agents’ initial states and measurement errors. In addition, we
should emphasize that Zeno behaviors will not happen in the
extended DIGing with the event-triggered approach. As for the
Zeno behavior, it describes a unique phenomenon for a hybrid
system, where an infinite number of discrete transitions occur in a
finite length of time. As we can see, the extended DIGing algo-
rithm (2) with (4) is based on a discrete-time iteration, which
implies that the system we study is a discrete-time one rather than

a hybrid one. Even if in the worst-case scenario (the event occurs
on every point of sampling time), the time interval between two
adjacent events is actually one sampling time interval. That is, the
number of events in a finite length of time is always bounded in
the proposed event-triggered DIGing algorithm.

Note that the storage requirements are very limited in prac-
tical terms. To be specific, the variables arL(tk ), i (tk ),
er(t),el(t), xj(tj ), y](t’ ),j € N; for each agent i need addi-
tional storage space compared with the traditional DIGing
algorithm. In other words, the total storage requirements
for each agent increase about two times compared with
original storage requirements involving variables x;(t), y;(t),
z;(t),y;(t),j € N;. It is worth pointing out that the required
storage space for each variable is trivial since it only takes 8
Bytes (64 bits) space even though each variable uses a double-
precision format in a computer. Therefore, it is more worthy
to focus on the problems of computation and communication
instead of storage problems.

IV. MAIN RESULTS

In this section, we first give some assumptions regarding
coupling matrices and objective functions and then provide our
main result that the extended DIGing algorithm (2) with the
auxiliary variable (4) can converge to the exact optimal solu-
tion linearly under the proposed event-triggering condition (8).

Assumption 1 (Connectivity): Suppose that the undirected
graph G is connected.

Assumption 2 (Smoothness): Each objective function f; is
£;-smooth where ¢; > 0. That is, f; is differentiable and the
gradient is ¢;-Lipschitz continuous, i.e.,

IV fi(z) —

Define ¢ = & Zf\zl l;and = max." {¢;}, which will be used
later.

Assumption 3 (Strong 100.onvexity): Each objective func-
tion f; satisfies

Vil < bllx = yll, v,y € R.

ile) — o) = VA (e )+ o — g
for some p; > 0 and any z,y € R. Define it = 27 1 M
and 1 = max?, {1}, which will be used later.

To obtain the main result, we first give some key lemmas so
that the main result can be derived clearly. Before giving the
lemmas, we first state some necessary notations that will be
used frequently in the next analysis. Define

&)

zw
= M>
T
| =
]
<

()=(
2(t)

||
/\
/—\
V
S~—"
/—\
8
~~
~
|

—_
S~—
Nt
<
I

-
=

[y
=

Define z* as the globally optimal solution of the problem (1)
and let

q(t) = z(t) — 1yz*.
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Lemma 1 (Double Stochasticity): [20] Let Assumption 1
hold and let 0 < h < 1/d*, where d* = max),{d;} and
di = Zﬁvz 1 a;5. Then matrix W = I — hL is doubly stochastic

and
8 =0ma(W—-J) <1

Lemma 2 (Small Gain Theorem):
51,82y,

[25] Suppose that
s, are sequences such that for all positive integers

K and foreachi =1,...,m, we have
MK MK
||szmodm+1|| <(p7H81|| +wi’
where ¢,...,¢,, and w,...,®», are nonnegative constants

and satisfy 0 < [[", ¢; < 1. Then,

A\ m m
= (g S

i=1 J=i+1
Similarly, one can get the bound of ||s;||*
1=2,...,m
Lemma 3: Considering the event-triggering condition in

for each

(8), we have for any yy, ¥, € (0, 15 N2h) that
el < Bl By =2 N\ |— . (10a)
- ’ 1—4 N2hy’
e/ ®1] < BlIO, By =2 N\ [—— 22— (10b)
- ' 1 —4 N2hy,

Proof: According to the event-triggering condition (8),
once the measurement error e?(t) or e/ (t) reaches a threshold
defined on the right of (9), an event is triggered and the mea-
surement errors e? (¢) and e (¢) are both reset to zero automati-
cally. Thus, the following inequalities can be guaranteed in the
implementation of the event-triggered approach

lef O < yih Y lley(t]) — @I, (11a)
JEN;
/(DI < vah D llyi(ty,) —wilti)IIP. (11b)
JEN;
From (11a), we have
[lef (I < yih Y () + €5 (t) —2i(t) — ef ()]
JEN;
=ynh ) l12;(t) ) +ef(t) — e (2]
JEN;
<2phy { B+ 112 (0)I17) +2(/ 5 ()1 + llef (D)
JEN;
<4 Nyh(|[2OIF + [l @)I)- (12)
Using a similar derivation in (12) for (11b), we have
le! DI < 4 Nyh(IlGOI° + lle @)1, (13)

2 | 2 . 2 2 .
ef @117 with - [[e”(#)]] [le?(#)[]” in

), we further have

Substituting |[e} (¢)||
(12) and (13

[l (0)]* < 4 Ny ih(|I2@)][* + [l (@)]F),  (14a)
e’ (0)]* < 4 N2yoh([§)I1° + lle(8)][*),  (14b)
which is equivalent to (10). O

Remark 1. Note that Lemma 3 not only establishes a con-
nection between the measurement errors e?(t), e’(t) and the
auxiliary variables Z(t),¢(t) but gives an upper bound for
parameters ), y, explicitly, which will play an important role
in improving the event-triggering efficiency. Generally speak-
ing, the frequency of the triggered events becomes lower
when the parameter y; or y, goes larger. In other words, larger
parameters y;,y, will contribute to higher communication
efficiency. However, lower triggered frequency also might
lead to longer convergence time, which means that a trade-off
between communication efficiency and convergence time
might happen in practical implementation.

Lemma 4: [25] Let Assumption 2 hold. We have for any
K >0and X € (0,1) that

12 < 1+ /M)l

Proof: See the proof of Lemma 5 in [25]. O
Lemma 5: Let Assumption 1 hold. For y, € (O’M)’

where ¥ = (ZH ‘>2, let A be such that § + hB||L]] < A < 1.
We have for any K > 0 that

ALK (o4 ALK
il < il
< x=s—na o I
A
——|lz(0)]].
5= s npy iz O

[|2]]

+ (15)

Proof: According to Lemma 1, the matrix ¥ is doubly sto-
chastic. Let J=1I—J. Then JW =WJ and JJ =0.
According to (6) and Lemma 3, we have

2@+ DI = [[(L = J)z(t + 1)l

= [|JWa(t) — hLe" (t) — aJy(t)]|

< |[WJz(t)[]| + hlIL]| - [[e" ()] + el Jy()]I,
=W = D)2 + L] - [le" ()] + ellg(@)]],

< (8 + hBILIDIE@)]] + el [5(2)]]- (16)

Multiplying A~**1) on both sides of (16) yields

8+ hp,[|L]]

D+ 1)) < 0

X+ 52~ 50
a7)

Taking the maximum over t = 0,..., K — 1 on both sides of
(17) and considering \°||£(0)|| < A\°||£(0)|| yield (15).

To ensure that there exists a A such that § + hB,||L|| <
A < 1 holds, §+ hp||L|| < 1 must be satisfied. Then we

further obtain
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y1 € (0 ), (18)

v
"4 N2h(1 + )
—8)?

where 9 =
“HLHZ

The proof is completed. O

L 6: Let A tion 1 hold. F o
emma_ W ; ssumption I ho ory; € (0’4N2h(1+ﬂ))’

where ¥ = TR let A be such that § + hB,||L]] < A < 1.
Then we have for any K > 0 that

< )\
ALK MK
Yy ' S Zl

+

5 (0)]]- (19)

A
A =8 = hp,|[L]]

Proof: We omit the proof since it is similar to that of
Lemma 5. a

Remark 2. Note that the additional parameter constraint
Y1, V2 € (0,%) compared with Lemma 3 implies that
the global topology information is needed because the parame-
ter ¥ depends on the Laplacian matrix L. On the one hand, the
computation of the accurate upper bound still has to depend
on the global Laplacian matrix L, which is really worth study-
ing in the further work. On the other hand, the upper bound
only gives a reference on the selection of the parameter y; or
y5. In practical terms, the operator might be more inclined to
select a conservative parameter y; or y, according to the
event-triggering efficiency if the global topology of a network
is not available.

Lemma 7: Suppose that Assumption 1, 2 and 3 hold and the
step size « and the parameter A satisfy

ajif
1/1—m</\ < 1.

Then we have for any K > 0 that

0 <a<

(1+n)e’

g™ <

nua

+2VN||Z(0) — o], (20)

where 8 > Oand n > 0 are free parameters.
Proof: Since W is doubly stochastic, multlplymg lN on
both sides of the second equation of (6) yields

e+ 1) = ARG+ 1) = 5(0) — 1RV ().
21
Considering y(0) = V f(x(0)), we further have
) = 5 15V G) Z Vhin(®). @2

Multiplying Nl% on both sides of the first equation of (6) fur-
ther yields

F(t+1) (23)

|
= Z(t) —aN;Vfi(a? t

Under Assumption 1, 2 and 3, applying Lemma 8 in [25] to
(23) yields

_ ' _ (1+n) Ap '
I NP
|z — 2| X§2llx()—$l|+— 7+7llfcll .

(24)
where B > Oand n > 0 are free parameters.
Since
q(t) = z(t) — 1yz* = z(t) — Iyz(t) + Inz(t) — Iyz”
= &(t) + Iy ((t) — z7),
it follows that
llall™* < 12 + VN|j# — 2| (25)
Combining (24) and (25), Lemma 7 follows. O

Remark 3. Note that Lemma 7 actually provides a reference
for the upper bound of the estimation error implicitly when the
key parameters satisfy certain constraints. Furthermore,
Lemma 7 plays a key role in implementing the small gain the-
orem declared in Lemma 2 because it completes the final
closed circle of the small gain theorem together with the
above-mentioned Lemmas 4, 5 and 6. Now it is time to give
the main result more clearly as follows.

Theorem 1. Suppose that Assumption 1, 2 and 3 hold. For

any step size
1.5(1—8)
«e (OH)
K

where k = ‘% (14 2y/N{/f1), the sequence {z(t)} generated
by (2) and (4) under the event-triggering condition (8) con-
verges to the vector 1yz* at a linear rate of O(\!) if the fol-
lowing parameter constraint

(26)

v
0,———— 27
yl»VZE( 74 NQh(1+T9)) ( )
is satisfied, where U = 22“”)‘2 ,0 < h < 1/d*,d* =

max.\ {d;} and d; = Zivzl a;;. Besides, the rate \ is given by

A = max \/1—%,q/%+8 .
1.5°V 1.5

(28)
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Proof: Combining Lemmas 4, 5, 6 and 7, we have

AK AK ;
1AM < @ullgl[M + @100 = 01+ 1/,

A1 ALK ALK o
B ) — -
; A
AAK ALK
Yl < sl fws, o3 =
1817 < gl T T
A N VN [i(1+n)  pp
llq| 'KS‘/’4||$|| K+w47¢4:1+T —_—t+—
nw n

where @1 = 0,02 = 55— 12 (0)], @3 = 555577 119
1By || L] A=8—hBy||L]|
(0)|| and wy = 2v/N||z(0) — a:J‘||.

Applying Lemma 2 yields that ||¢||* is bounded when 0 <
©19295¢0, < 1, which is equivalent to

é<1 +) - A
M X=8—hB||L|| A =8 — hB,||L]]

X

VN it +n) i
14+— —+—
A ni R

<1, (29)
where the parameters A and « satisfy the following constraints
S+hBILI < A <1, S§+hB|L|I| < A <1,

app
1+8

1—

0 < a<

<A<, (30)

(14n)t

ATo obtain a concise result, we set the free parameters g =
2¢/x and n = 1. Then it follows that

a < (A78)2 .
ﬂ1+A)<X+2\UV@u>

Considering /1 — % <A< 1in(30),usingl +1/8<1.5
yields

(€19}

1.5(1 — A2
o> M (32)
i
Thus, combining (31) and (32) yields
L5(1 — A2 A—8)°
o< 5( ) , ( ) (33)

A 01+ N) <A+2M>

Next we discuss the validity of the interval in (33). To sim-
plify the analysis, we here consider a smaller interval

1.5(1 = A2) 1.5(\ —5)?
/1 ) /:LK 9

[AS

(34)

where k = %(1 +24/N0/i). Let B = max{B;, B,}. When A
increases from & 4+ hB||L|| to 1, the left-bound of the interval
in (34) is monotonically decreasing while the right-bound is
monotonically increasing. In particular, when we choose

v S+ /K24 (1 -8k

1+«

) (35)

the left-bound and the right-bound of the interval in (34) both
equal to

15(1/k2 + (1 — 8% — 8k)?

A= 5
k(1 + &)

(36)

Specifically, we can further verify that when A increases
from §+ hp||L|| to A\*, the lower bound of the left-bound
equals to the upper bound of the right-bound, that is,

P 2
15—y [ 15(1—6+hBILID)
M c A, —

)

A

)

150 —3)" _ [1.5(hB||LI])?
Lk < K

1.5(1 — X2 1.5\ —6)°

b —_ = ®7
I i

a <

which implies that when \ € (8 4 hp||L||, \*), the interval in
(34) is invalid. On the other hand, when \ increases from \*
to 1, the upper bound of the left-bound just equals to the lower
bound of the right-bound and they both equal to A, that is,

M c (0’ A},
150\~ 5) . [A’ 151 - 3)2>’
LK LK

1.5(1 — X2 1.5\ —6)°

i K

a <

]#@7

which implies that when A € [\*, 1), the interval in (34) is
valid and the corresponding interval is

. (0, 15(1 - 3)2>'
LK

Considering the constraint between « and A in (34), once
the step size « is given, the rate parameter A can be obtained

(37

as follows
apL ok
A= 1——\/—+6;. 38
max{q/ 1.5,\/ TE + } (38)
Then Theorem 1 follows and the proof is completed. O

Authorized licensed use limited to: BEIHANG UNIVERSITY. Downloaded on September 23,2022 at 06:14:13 UTC from IEEE Xplore. Restrictions apply.



518 IEEE TRANSACTIONS ON NETWORK SCIENCE AND ENGINEERING, VOL. 9, NO. 2, MARCH/APRIL 2022

(@)

Fig. 1. The communication topology. (a) The network with 5 agents. (b) The
network with 10 agents.

Remark 4. Regarding the selection of the step size « in Theo-
rem 1, the upper bound depends on a few of parameters 8, i, /.
To begin with, it is not very hard to determine the objective
parameters ﬂ,é once the objective functions are given since
the averaging and the maximum operations between neighbors
can be easily preprocessed by an algorithm for each agent.
Moreover, even if it is difficult to obtain the accurate value of
the parameter § without the global topology information of the
network, it is possible to evaluate a conservative bound for §.
For example, in the worst case, the bound § <1 — 1/ N3 can
be used (see Remark 2 in [25]). Actually, some other better
bounds for different topology structures can be found in the
existing works [39], [40].

Remark 5. There are three points worth particular attention.

First, the convergence rate A in (28) is similar with the rate
—wt  JeN L §Y in the traditional DIGing

5\ 15

algorithm [25] and the key parameters y; and y, of the event-
triggered control approach have no direct impact on the linear
convergence rate A. Eq. (28) shows that the linear rate A
mainly depends on the step size «, network parameters N, §
and objective function parameters i, ! instead of the event-
triggering control parameters y; and y,, which implies that
the linear rate \ is not affected even though an event-triggered
control approach is employed to reduce the communication
frequency between agents. Second, the parameters y; and y,
in event-triggering condition (9) play a key role in reducing
communication frequency. To be specific, larger y; and y,
will contribute to less communication because larger y; and
¥, lead to a larger event-triggering threshold which conse-
quently produces larger time interval of communication. Thus
the proposed approach is able to adjust the communication
efficiency by changing the parameters y; and y, according to
practical requirements. Third, the convergence rate A has a direct
impact on the total number of iterations, however, there is no nec-
essary connection between the total number of iterations and the
communication frequency between agents. That is to say, the iter-
ation can be continued even if there is no communication happen-
ing between neighbors. In traditional algorithms, the iteration
updates are based on real-time communication data and every
iteration needs at least one time communication to exchange the
state estimates. In contrast, our work proves that the real-time
communication between neighbors is not necessary to drive the
iteration and the reuse of some old exchanged data can

A = max{

3
L

Ty
T3

=N
L

4

N
N

Solution estimates
IS

T T T T T T T
0 50 100 150 200 250 300 350
Iterations

Fig. 2. The evolution of solution estimates.

effectively reduce communication frequency without compro-
mising convergence time and convergence accuracy.

V. SIMULATIONS
A. Decentralized Least Squares

Considering the following least squares problem

: 1 2

min  f(x) = 5; Az — b

For each cost function fi(z) = 1|4,z — b;||*, we can obtain
that V f; () is Lipschitz continuous and f(z) = SV fi(z) is
strongly convex. We first consider the connected communica-
tion topology with N = 5 agents shown in Fig. 1(a). For sim-
plicity, we choose x € R as a scalar and b, =2 for
i=1,...,3,b; =5fori=4,5and A; = 1 for all 7. Then we
can easily obtain the globally optimal solution z* = 3.2. As
for control parameters, we set h = 0.05,¢ = 0.06,y, = yy =
0.18 according to Theorem 1.

Fig. 2 shows the evolution of solution estimates of all agents,
from which we can see that the solution estimates in different
agents achieve an agreement asymptotically as the iteration goes
on. To show the convergence of the solution estimates, we define
the relative error ||e(¢)|| = ||=(t) — 1y2*|| to represent the rela-
tive distance between the solution estimates and the globally opti-
mal solution. Fig. 3 shows that the relative error converges to zero
asymptotically, which implies that the exact optimal solution can
be achieved as the iteration goes on. In Fig. 4, the events of all
agents are marked in time interval [0, 350], which shows that the
sampling of the event time is sporadic rather than consecutive. In
particular, the step size of each event is plotted in Fig. 5, which
shows that the event step size of each agent contains multiple
sampling time intervals.

To show the performance improvement of the extended
DIGing compared to the real-time DIGing, we run both algo-
rithms with the same parameters under the same stop condi-
tion ||e(t)|| = ||z(t) — Iyz*|| < 0.0001 and obtain the
statistical data shown in Table I. We can conclude that the
extended DIGing has a large advantage on communication
rate (communication times divided by iteration times) com-
pared to the real-time DIGing because it can achieve the same
accuracy with lower communication rate (16.9% versus
100%) under similar total iterations (327 versus 359).

To show the impact of the parameters y; and y,, we give
some statistical data in Table II (assume y; = y5). It can be
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—— Extended DIGing
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Fig. 3.
solution.

The error between solution estimates and the globally optimal

Fig. 4. The event time of each agent 7,7 € 1,...,5. Each X mark denotes an

event and each little dot denotes a sampling time.
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Fig. 5. The event step size of each agent 7,7 € 1,...,5. The height of each
vertical line denotes the number of sampling time intervals of an event step
size.

seen that the larger parameters y; and y, lead to lower commu-
nication frequency (higher communication efficiency).
Besides, the parameter y; or y, can be greater than the upper
bound in Theorem 1, which implies that the theoretical upper
bound in Theorem 1 is more conservative than practical bound.
However, the agreement convergence cannot be achieved once
the parameters y; and y, are much larger than the upper bound,
which can be seen in Figs. 6 and 7. As for the step size «, the
performance impact of different o is shown in Table III. We
can see that the step size o mainly has an impact on the total
number of iterations that is related to the convergence rate \.

We also consider a larger communication network composed
of 10 agents as shown in Fig. 1(b). In this case, we set b; = 2 for
1=1,...,6,b; =5fori =7,...,10and A; = 1 forall i. Then
we can obtain the globally optimal solution x* = 3.2. As for
control parameters, we set y; = y, = 0.045 according to Theo-
rem 1, h and « are the same as the case of 5 agents. Then we get
the simulation results as shown in Figs. 8—11. Note that the
upper bound of y; or y, is inversely proportional to the network
scale IV according to Theorem 1, which implies that larger net-
work scale will lead to a smaller upper bound.

The performance comparison between the real-time DIGing
and the extended DIGing in the case of 10 agents is shown in
Table IV. It can be seen that the extended DIGing still has a
large advantage on communication rate compared to the real-
time DIGing because it can achieve the same accuracy with
lower communication rate (16.4% versus 100%) under similar
total iterations (2504 versus 2541). We can also conclude that

TABLE I
PERFORMANCE COMPARISON BETWEEN DIGING AND EXTENDED DIGING

Performance DIGing  Extend DIGing
Agreement Convergence Yes Yes
Globally Optimal Solution Yes Yes
Iteration Times 359 327
Communication Times (Avg) 359 55.2
Communication Rate 100% 16.9%
TABLE II
THE PERFORMANCE IMPACT OF DIFFERENT PARAMETERS y; AND Y,
Performance 0.06 0.09 0.18 0.36 1.8 9 18
Agreement Yes Yes Yes Yes Yes Yes No
Iteration Times 338 334 327 319 295 268 Infinity
COMM Times  76.2 66.4 55.2 452 288 26 Infinity
COMM Rate 225% 199% 169% 142% 9.8% 9.7%  None

Solution estimates

-4

T T T T T
0 50 100 150 200 250 300 350
Iterations

Fig. 6. The agreement cannot be achieved when y; = y, = 18.0.

Extended DIGing

o

Relative error

2

0 T T T T T T T T
0 50 100 150 200 250 300 350

Fig. 7. The error between solution estimates and the globally optimal solu-
tion when y; = y, = 18.0.

TABLE III
THE PERFORMANCE IMPACT OF DIFFERENT STEP SIZE «
Performance 0.01 0.02 0.04 0.06 0.12 0.18 0.24
Agreement Yes Yes Yes Yes Yes Yes No
Iteration Times 759 378 279 327 465 597 Infinity
COMM Times 349 141 51 55.2 69.2 81.2 Infinity
COMM Rate 46.0% 373% 183% 169% 149% 13.6% None

the larger network scale will delay the final convergence espe-
cially when the connectivity of the network is not large
enough. However, the proposed event-triggered control strat-
egy is able to play a key role in reducing the communication
frequency even if the large network scale leads to increasing
iteration times.
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Fig. 8. The evolution of solution estimates in the case of 10 agents.
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Fig. 9. The error between solution estimates and the globally optimal solu-
tion in the case of 10 agents.

\\\\\
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Fig. 10. The event time of each agent ¢,7 € 1,...,10. Each X mark denotes
an event and each little dot denotes a sampling time.

Fig. 11. The event step size of each agent¢,7 € 1,...,10. The height of each
vertical line denotes the number of sampling time intervals of an event step size.

B. Huber Loss Function

Considering the following decentralized cost function:

min
TERP

1SN [
f(@) =NZ > Hs(Mpjz — i) ¢

i—1 | j=1

where M ;); is the j-th row of matrix M ;) and y;); is the j-th row
of vector y ;). The Huber loss function is defined as follows:

a?, for |a| < 8,
la] —38), otherwise.

Hy(a) = {%

TABLE IV
PERFORMANCE COMPARISON BETWEEN DIGING AND EXTENDED DIGING IN
CASE OF 10 AGENTS

Performance DIGing  Extend DIGing
Agreement Convergence Yes Yes
Globally Optimal Solution Yes Yes
Iteration Times 2541 2504
Communication Times (Avg) 2541 409.8
Communication Rate 100% 16.4%

We first consider the network topology composed of 5 agents
shown in Fig. 1 (a). For simplicity, we also choose and y;) €
R as a scalar respectively and set m; = 1, M(;); = 1 for all i €
{1,...,5}, Yi) =2 for 1= 1,...,3, Yi) =5 for i:4,5.
Before we run the proposed extended DIGing algorithm, we
first obtain the practical optimal solution z* = 2.6667 by run-
ning a centralized optimization algorithm (e.g., the gradient
descent algorithm). As for control parameters, we also set h =
0.05, = 0.06. But we set y; = y, = 1.8 that is greater than
the theoretical upper bound in Theorem 1 because this upper
bound is much more conservative than the practical bound
which can be inferred from Table II. Figs. 12 and 13 show that
the solution estimates of all agents asymptotically converge to
the global optimal solution. The event time and the event step
size of each agent are shown in Figs. 14 and 15, from which
we can see that the event step size is larger than that in Figs. 4
and 5. The performance comparison between DIGing and
Extended DIGing is given in Table V, from which we can see
that the communication efficiency is improved obviously
(14.5% versus 100%).

We then consider the network topology composed of 10 agents
shown in Fig. 1(b). We set m; =1, M;; =1 for all i€
{1,...,10}, Y) =2 for = 17...,6, Y) =5 for i=
7,...,10. We first obtain the practical optimal solution z* =
2.6667 by running a centralized optimization algorithm. As for
control parameters, we set b = 0.05, @ = 0.06, y; = y5 = 0.18,
of which y; = y, = 0.18 is also larger than the theoretical upper
bound in Theorem 1. The results are shown in Figs. 16-19. The
performance comparison between DIGing and Extended DIGing
for Huber loss function in case of 10 agents is given in Table VI,
from which we can see that the communication efficiency is
improved obviously (9.0% versus 100%). It is worth nothing that
the larger y, and y, in Table V and Table VI lead to higher com-
munication efficiency compared with that in Table I and
Table IV, which can be also verified in Table II.

VI. CONCLUSION

We studied the distributed convex optimization problem
by extending the real-time DIGing algorithm to the event-
triggered DIGing algorithm in this paper. We developed a
novel distributed event-triggering condition to schedule the
information exchange between agents. This condition relies
on only local states from neighbors at only their event times,
which implies that the real-time consecutive communication
and the coordinated computation between agents are avoided
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Fig. 12.  The evolution of solution estimates for Huber loss function.
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Fig. 13. The evolution of relative error for Huber loss function.

Fig. 14. The event time of each agent 7,7 € 1,...,5. Each X mark denotes
an event and each little dot denotes a sampling time.
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Fig. 16. The evolution of solution estimates for Huber loss function with 10
agents.
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Fig. 17. The evolution of relative error for Huber loss function with 10
agents.
Fig. 18. The event time of each agent 7,7 € 1,...,5. Each X mark denotes

an event and each little dot denotes a sampling time.
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Fig. 15. The event step size of each agent ¢,¢ € 1,...,5. The height of each
vertical line denotes the number of sampling time intervals of an event step
size.

TABLE V
PERFORMANCE COMPARISON BETWEEN DIGING AND EXTENDED DIGING FOR
HUBER LOsS FUNCTION

Performance DIGing  Extend DIGing
Agreement Convergence Yes Yes
Globally Optimal Solution Yes Yes
Iteration Times 336 304
Communication Times (Avg) 336 44.2
Communication Rate 100% 14.5%

not only in the update of the algorithm iteration but in the
implementation of the event-triggering condition. Further-
more, the selections of the key parameters are simple and their
upper bounds are independent of agents’ initial states and
measurement errors. In addition, the convergence analysis
was given to show that the extended event-triggered DIGing
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Fig. 19. The event step size of each agent ¢,¢ € 1, ..., 5. The height of each
vertical line denotes the number of sampling time intervals of an event step size.

algorithm can also converge to the exact optimal solution with
a linear convergence rate under the proposed event-triggering
condition.
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